PHYSICAL REVIEW B VOLUME 58, NUMBER 3 15 JULY 1998-I

Monte Carlo comparison of quasielectron wave functions
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Variational Monte Carlo calculations of the quasielectron and quasihole excitation energies in the fractional
guantum Hall effect have been carried out at filling fractiens1/3, 1/5, and 1/7. For the quasielectron both
the trial wave function originally proposed by Laughlin and the composite-fermion wave function proposed by
Jain have been used. We find that for long-range Coulomb interactions the results obtained using these two
wave functions are essentially the same, though the energy gap obtained using the composite-fermion quasi-
electron is slightly smaller, and closer to extrapolated exact-diagonalization r¢S0i1€63-182008)02627-7

I. INTRODUCTION using the composite-fermion theory, and so one might con-
clude that the Laughlin quasielectron wave function provides
Shortly after the discovery of the fractional quantum Hall a (slightly) better description of the physical quasielectron
effect (fractional QHB Laughlir? introduced a set of trial ~ state. More recently, Girlich and Hellmuhtave shown that
wave functions describing the “parent” quantum Hall statesfor the truncatedV,;) pseudopotential interaction introduced
occurring at Landau-level filling fraction=1/q, whereq is by Haldan€ the interaction for which the Laughlin ground
an odd integer. In addition to the ground state, Laughlinstate and quasihole state are exact eigenstates, the Laughlin
introduced tri'al wave functions d'escribing fractipnally quasielectron has an energy that is 18fgherthan the com-
charged quasielectroreq) and quasihole € e/q) excita-  posite fermion quasielectron. These authors go on to specu-
tions. From the very beginning it was clear that the waveaie that the same would be true for the Coulomb interaction,

function for tlhehquasri]hole, Wit? its s_impfle J?]Strow fo_rrln, WaSand this has motivated us to reexamine the calculations of
more natural than the wave function for the quasielectrony, oo oo iy

Wh'Ch. contains .exp_I|C|t derlvgnves with respect to ele_ctron Taking advantage of the availability of significantly faster
coordinates. This difference is reflected, for example, in the . . -
fact that while there exists a Hamiltonian for which the cpmputers, and performing a bet.ter_e>_<trapola.t|0n of finite
Laughlin ground state and quasihole wave functions are ex2 € results to the thermodynamlc limit, we f|_nd that_ the
act (zero energy eigenstatésthere exists no such simple »= 1/3 énergy gap computed using the Laughlin quasielec-
Hamiltonian for which the quasielectron wave function is{fon extrapolates toA =0.110(2F¢lo, a significantly
also an exact eigenstate. higher result than previously reported. This result is higher
According to the composite-fermion theory, proposed bythan Acr and so is consistent with Girlich and Hellmu#d,
Jain? the fractional QHE corresponds to artegerQHE of  though we find that for the Coulomb interaction the differ-
composite fermions—electrons bound to an even number ¢ince between the two energy gaps is quite siitedis than
statistical flux quanta. This identification leads to a procedur®%) indicating that both wave functions provide adequate
for constructing fractional QHE trial states by first construct-descriptions of the true quasielectron. We have also per-
ing integer QHE states, then multiplying by a Jastrow factorformed calculations of the energy gap using Laughlin’s
which binds an even number of vortices to each electron, anduasielectron wave functions for filling fractioms= 1/5 and
finally projecting the resulting state onto the lowest Landaul/7. Comparing these energies to the corresponding
level. The wave function obtained using this procedure folcomposite-fermion energies we find the same result—the
the parent quantum Hall state is identical to Laughlin’scomposite-fermion energy gap is consistently smaller than
ground state, and the same is true for the quasihole wave corresponding Laughlin energy gap. Comparing these re-
function. However, the composite-fermion quasielectronsults to the extrapolated exact diagonalization results of Fano
wave function is not identical to the one proposed by Laughet al® we find that the composite-fermion energy gaps are
lin. also consistently closer to the “exact” results. However, as
To date, the best estimate of the energy gap for creating for »=1/3, the differences are slight, and the main conclu-
quasielectron-quasihole pair with infinite separationvat sion is that both wave functions provide an adequate descrip-
=1/3 computed using Laughlin’s trial states was obtained bytion of the physical quasielectron.
Morf and Halperin, using the diskand sphericdl geom- This paper is organized as follows. In Sec. Il we review
etries, with the result A =0.092(4r% el,, where the formulation of the two-dimensional electron gas on the
o= Vhc/eB is the magnetic length. This may be comparedHaldane sphere and introduce a procedure for projecting
with the result of Bonestetlusing the composite-fermion wave functions on the sphere into the lowest Landau level. In
quasielectron wave function oAcg=0.106(3r?/€l,. It  Sec. Il we review both the composite-fermion construction
therefore appears that the energy gap computed using tteé the quasielectron state, which requires the projection de-
Laughlin quasielectron is over 10% lower than that obtainedreloped in Sec. Il, as well as the Laughlin quasielectron
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wave function. Finally, Sec. IV contains a summary of our S

results. PW(z,2%)= 5 f(2), (6)
1+]z|

l. THE TWO-DIMENSIONAL ELECTRON GAS wheref(2) is a polynomial of degree up toS1 in z.
ON THE HALDANE SPHERE The differential area element on the surface of the sphere
A. One particle and Landau-level projection in terms of the stereographic coordinateandy is
We begin by reviewing the problem of one spin-polarized 2
electron confined to move on the surface of a sphere of ra- = dxdy (7)
dius R with a magnetic monopole at its center. Following (1+]z]%)?

convention we let .
and so the scalar product between any two polynonfialsd

47R’B R\ 2 g in this Hilbert space is
" hole T)
ce 0 4R? .
denote the number of flux quanta piercing the surface of the <f'9>:j (1+|Z|2)2s+2f gdxdy. ®)
sphere due to the monopole. The Hamiltonian describing this
particle is then With this definition of the scalar product it is straightforward
to derive the following identity by repeatedly integrating by
AP @ parts, exploiting the fact that(dz) [f(z)*]=0,
2mRe’ .
) Q) @s+o) 7 .
where A=rX[—i#V +(e/c) A(r)] and VX A=Br on the Y] T 2St2=—mr\ 1+ |2 9/
surface of the sphere. In what follows we work in the Wu-
Yang gaug® for which This result immediately implies the following spherical gen-
eralization of thez* —2d/dz rule of Girvin and Jach to the
B AcS1—cos6 5 sphere:
“eR sing ¢ @
* n _ n
and use the complex stereographic coordinatex-+iy z (25+2—n)! d_ (10)
=tan(f/2) e~'¢. The eigenfunctions oT in this gauge are 1+|2/? (25+2)! dn

the monopole harmonits ) ) )
Thus, to project any polynomidl[z,z*/(1+]|z|?)] into the

lowest Landau level one simply orders each term so that the
, (3 z¥I(1+|z|%’s all sit to the left, then replaces these factors
by derivatives with respect to according to Eq(10).

1-]7?

1+]2|?

I-s

S
1 S+ mpS+m,S—m
1+|7?

B. N particles and the fractional QHE
1/2
(4) The Hamiltonian forN spin-polarized electrons on the

sphere interacting via the Coulomb repulsion is then

21+1 (I=9s)!(l+s)!
A7 (I—=m)I(1+m)!

SIm™—

P;”'B is a Jacobi polynomial,l=S,S+1,S+2,..., and for a N Y
givenl, m=—1,—1+1,...]-1]. If we let n=S—1 then H=> T,+-—. (12)
the energies of these states are i=1 €

1 n(n+1) The interaction energy is
En=fiow n+§+ 55 | n=0,12..., (5
v=> e2+1Q2 Ne@ 12
andn is the spherical Landau-level index. & 2R R (12

It will be necessary in what follows to project general
wave functions onto the lowest Landau-leve0) Hilbert ~ Wherer;; is the chord distance between a given pair of elec-
space. Following Girvin and Jathwe now introduce a gen- trons on the sphere. Here the sphere is assumed to have a
eral procedure for performing such a projection on theuniform compensating charge density with total cha@e
sphere. First note that the lowest Landau-level wave funcWhen considering a homogeneous state the appropriate

tions in the Wu-Yang gauge are background charge i®=Ne for which
2s+1( 25 \[¥¥ 1 \° e 1N%?
= —— | = V=2 —— . (13
n=| 27 | sem o 0P 01,...,5 21 2R

The Hilbert space of lowest Landau-level wave functions on The spherical analog of the Laughlin sthte v=1/q oc-
the sphere then corresponds to wave functions of the formcurs whenq(N—1)=2S and in the Wu-Yang gauge is
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S 1 2 N—-1

1_[ (Zi_zj)q. (14) Z, Z7 - 74

%Szl_k[ i< Qcp=| ¢ 2 :-I_Ij (zi=z), A7)
N—1 1<

2
The quasihole wave functiorS(-S+ 3) corresponding to a 1 zy zy -+ 2zy
single charge-e/q defect at the top of the sphere is

1
1+]z?

corresponding to one filled “pseudo”-Landau level of com-

s posite fermions, gives fay the Laughlin wave functiorl4)
l/,qhzl_[ (_) Z H (zi—z))". (15  for v=1/q, whereq=k+1. If we remove a composite fer-
K\ 1+]z? i<] mion from the lowest “pseudo’-Landau levelS( S+ 1)
then
I1l. QUASIELECTRON WAVE FUNCTIONS
A. Composite-fermion quasielectron wave function
. ., . . . (DCF: : : :H Zy H (Zi_zj)’
According to Jain’s composite-fermion appro4ehgiven 5 N—1 K i<
fractional QHE wave function at filling fractionv=p/ N N o DNy
(kp+1) wherek=2,4, . .. isfound by first constructing the (18)

correspondingnteger QHE wave function atvce=p and 414 s identical to Eq(15) and describes a state in which
then multiplying by a Jastrow factor, which ties/ortices to 5 single quasihole sits at the top of the sphere.

each electron. The state is then explicitly projected into the \ye now consider the quasielectron wave function con-
lowest Landau level. Denoting the Slater determinant corregiycted using this approach. If we introduce a composite

sponding to the effective integer QHE state, with the overalkgrmion into the first excited “pseudo”-Landau level then
IT,(1+]|z|? S factor removed, a® ¢, the corresponding

*
fractional QHE states are 1 2z ... N2 21
s 1+(zyf?
1 il ‘
=P (z—2))* PcE, (16) i : :
¥ LLL].—I.[ 15[z 1 AT CF dck ) (19
_ zy
whereP|, is the projection operator onto the lowest Landau 1 zy ... zy° PUTET
level. 1+|zy|
For the vcg=1 ground state the Vandermonde determi-
nant and the corresponding physical electron wave function is
Z*
1 z N2 1
S 1+]zy?
1 H M H H
pae=pP 1 — H (zi—z)¥H* F ’ ‘ . (20)
kK \ 1+ |Zk| i<j *
N-2 Zy
1 zy z
1+|zy[?

This wave function can be projected into the lowest Landau level as follows. First resiitdoy pulling the Jastrow factor
and the projection operator into the last column of the determinant,

_ r
1 Zl e Z? 2 PLLL—Z H (Zi_zj)q_l
s 1+|Zl| 1<J
g.e. _ : : H : . (21)
vee=ll (1+|zk|2) Zﬁ
1 z NC _ z—z)4 1
N LLL1+|ZN|2 i< ( i J)

This can be done here because the cofactor associated witthteeement of théNth column does not contaiy, . Thus, when
we do the projection we need only project each element of the matrix separately. Following the procedure outlined in Sec. Il A
this projection gives

z 1 9 g-1 1
- zZ.—7Z q-1_ N Z— 7 q-1_ zZ—7 q-1 .
1+]|zp? .E[J (z=2) 25+ 2 9z, .1:[, (z=2) 25+2 .1:[, (z=2) .; Zn—Z

P (22

Thus ¢&¢ can be rewritten, up to an irrelevant normalization constant, to give
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S
1,0%,?:1_[ ) H (ZI_Z])q !

i<j

1
1+]z?

One can simplify things further by expanding the deter-

minant in a cofactor expansion down thih column. The

cofactors are then all Vandermonde determinants and the fi-

nal expression for the Jain quasielectron is

1 1
Zy i#n 4~ Zy

wee=2 11 = (24
n k#n Zg

l!/gs-

In this form |y2g|?

orderN instructions, rather thaN? for a usual determinant.

B. Laughlin quasielectron wave function

The generalization to the spherical geometry of the quasi-

electron wave functiong— S— ) introduced by Laughlin is

S
1
9-€ = z—z)4. 25
vt {l'k[ T af gzkllﬂ (z-2)% (25
Straightforward Monte Carlo sampling pt{"*|? is not pos-

sible because of the explicit derivatives with respect to the
electron coordinates. To compute the energy of this state we

therefore follow the procedure of Morf and Halpérfn

which, for completeness, we review below. A more detailed

discussion can be found in Ref. 6.
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can be sampled by usual variational
Monte Carlo techniques with each Monte Carlo step taking
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1
1 9z, ... zZV7?2
! S = 2
(23
1
1 2z N2
N N R -z
|
f P(zy, ... ,zN)(~)1_i[ dxdy:
(0)= , (28)
J' P(Zl, e ,ZN)H dXidyi
where
25+3
1 1
- == zj—z;|%
P=| 11 14z (I 2572 h;[J il
(29
and
25+2
I ve| —=
~ 1+]z]?
O= 2572 - (30)
B 1
i l+|zj|2

The chord distance between any two points on the sphere is
given by r;=2R|z—z]|/\(1+]|z]%)(1+]z]?) and so for
the Coulomb interaction the operatOris

v e? \/1+|z|2\/1+|zj|2
Coul™ ZR |Z Z.

(31)
i

It is then straightforward to comput@ and evaluate Eq28)

Following Ref. 2 we first take the absolute square of theby usual variational Monte Carlo techniques.

wave function to obtain

2S
1
g.e.|2_ 7. — 7|20
|(r/lL | [l_k[ 1+|Zk|2 (9Zk (72 ‘|H | 1 J|
2S
1 1
= —— 1 V[l |z-z|>. (26

The expectation value of any operatordepending only on
the coordinate$(x; ,y;)} is then
2S+2

— ov2Z]] |z—z|>]] dxdy,
f 1+|Zk|2 killlj |Z| ZJ| l_ll X ayi
(O)= 25+2 )
f VEIHJ |Zi_zj|2q1_i[ dxdy;
(27)

1+|z?

IV. RESULTS

The excitation energies of isolated quasielectron and
quasihole states have been obtained using the trial
wave functions reviewed in Secs. Il and lll. Following
Ref. 6 we have computed theroper energies, meaning
that the relevant ground-state energies are computed with
monopole strength 2=q(N—1) and background charge
Q=Ne, while the energy of the quasielectrgquasiholg
excitations are obtained keepiRgandN fixed and decreas-
ing (increasing the monopole strength according to
S—S—1/2 (S—S+1/2). In addition, following Refs. 3 and
9, we have shifted the background charge when computing
the quasielectror{quasiholg energies takingQ—Q—e/q
(Q—Q+e/q), in order to compensate the charge density of
the bulk of the wave function. This eliminates a finite-size
correction of = (e/q)?1/R~0O(1/\/N), a correction which
was not included in Ref. 6 and which may account for the
slightly different results obtained here. Our results for the

which, after integrating by parts twice in the numerator andproper energies of the quasiholes, the Laughlin quasielec-

the denominator can be rewritten

trons, and the composite-fermion quasielectrons for filling
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FIG. 1. Proper energies for the Laughlin quasielectfswlid circles, composite-fermion quasielectrgrolid squares and quasihole
(solid diamondsfor filling fractions v=1/3, 1/5, and 1/7, plotted vs N/

fractionsv=1/3, 1/5, and 1/7 are shown plotted v@\lih  we have eliminated by modifying the background charge
Fig. 1. density.

The quasihole energy gaps obtained hev&!, extrapo- The quasielectron energy gaps obtained using both the
lated to theN—c limit are given in Table I, together with Laughlin trial stateA"* and the composite-fermion state
the »v=1/3 result of Morf and Halperfhand the extrapolated AgE are given in Table Il. Again, in comparing the present
exact diagonalization results of Fapbal® As stated above, ,=1/3 result forA®® with those of Ref. 6 we note a slight

the discrepancy between our results and those of Morf angiscrepancy that we attribute to theyN finite-size correc-
Halperin is most likely due to the ;j[ﬁflmte-sae correction  tion we have included here. Far=1/3, 1/5, and 1/7 the

TABLE |. Quasihole energy for the fractional QHE with TABLE Il. Quasielectron energy for the fractional QHE with
v=1/3, 1/5, and 1/7. The Monte Carlo results of Morf and Halperin v=1/3, 1/5, and 1/7. The Monte Carlo results of Morf and Halperin
(Ref. 6 and extrapolated exact diagonalization results of Fetred. (Ref. © and extrapolated exact diagonalization results of Fetrad.

(Ref. 9 are given for comparison. (Ref. 9 are given for comparison.

v A A% (Ref. 1) AYN (Ref. 2 v ALe Afe Af® (Ref. 6 A% (Ref. 9
1/3 0.027912) 0.022416) 0.0264 1/3 0.0779100 0.082512) 0.0755) 0.0772
1/5 0.00926) 0.0071 1/5 0.01666) 0.01916) 0.0173

1/7 0.003%4) 1/7  0.006%4) 0.007@5)
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TABLE IIl. Total gap for the fractional QHE withv=1/3, 1/5, and 1/7. The Monte Carlo results of Morf
and Halperin(Ref. 6 and Bonestee{Ref. 7), and extrapolated exact diagonalization results of Fetnal.
(Ref. 9 are given for comparison.

1/3 0.105816) 0.110417) 0.0924) 0.1063) 0.10362)
1/5 0.02589) 0.02839) 0.0253) 0.02443)
17 0.01016) 0.01086) 0.0113)
composite-fermion excitation energgdf is consistently To summarize, the quasielectron and quasihole excitation

about 10% lower than the Laughlin excitation energy, as cagnergies in the fractional QHE have been calculated for
be seen clearly in Fig. 1. Note that the composite fermiorv=1/3, 1/5, and 1/7 by variational Monte Carlo methods.
result is also in slightly better agreement with the extrapo-Results have been obtained using the quasielectron states
lated exact diagonalization results of Fagtoal® originally proposed by Laughlin, as well as the fully pro-
Finally, Table Ill gives results for the total-energy gap for Jécteéd composite-fermion quasielectron states proposed by
creating a well-separated quasielectron quasihole paif@in- We have improved on earlier estimafesf the excita-

A=A%N L A%e The results are again compared with thosetlon energies of the Laughlin states at1/3 in order to

of Ref. 6 for the Laughlin energy gap as well as those of RefSNOW that the composite-fermion energy gap is actually

7 for the composite-fermion energy gap. Fior 1/3 our ex- slightly lower than the Laughlin energy gap, consistent with

trapolated energy gap using the Laughlin quasielectron ig‘e res_ults of Girl_ich and I-_lellmurﬁjResuIts for the energy
A, =0.110(2F?/ €l 5, roughly 20% larger than the earlier es- gap using Laughlin’s quasielectron for=1/5 and 1/7 show

timate of Morf and Halperifi. Our improved calculation that,_as forv'=1/3, for Coulo'mb interactions_the Energy gaps

gives a Laughlin energy gap which is slightly larger than theObtained using the I__aughlln and cor_nposne—fermlon quasi-
corresponding energy gap computed using the composit@lecnon wave functions are essentially the same, though
fermion quasielectrom o= 0.106(2 el . This is consis- those obtained using the composite-fermion quasielectrons

tent with the results of Girlich and Hellmufdising the are slightly_ smaller, and_closer to extrapolated exact-
short-rangeV, model; however, we find here that for the diagonalization results of Fanet al.® than those obtained

Coulomb interaction the energy gaps obtained using thesléSing the Laughlin quasielectron.

two wave functions are essentially the same. Table Il gives
similar results forv=1/5 and 1/7. We therefore conclude

that both the Laughlin and composite-fermion quasielectron The authors would like to thank J. Jain and R. Morf for

wave functions provide adequate descriptions of the physicalseful discussions. This work was supported in part by DOE
guasielectron, though the energy gap obtained using th€&rant No. DE-FG02-97ER45639 and by the National High
composite-fermion quasielectron is slightly closer to ex-Magnetic Field Laboratory at Florida State University.

trapolated exact-diagonalization results for all the filling fac-N.E.B. acknowledges support from the Alfred P. Sloan
tors we have considered. Foundation.
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